In the spirit of the thin-layer quantization scheme, we give the effective Hamiltonian describing the noninteracting electrons confined to an annular corrugated surface, and find that the geometrically induced potential is considerably influenced by corrugations. By using numerical calculation, we investigate the eigenenergies and the corresponding eigenstates, and find that the transition energies can be sufficiently improved by adding corrugations. Particularly, the transition energy between the adjacent eigenstates corresponds to energy levels difference based on the wavefunction of annular wire, and the number of the energy levels is equal to the number of corrugations. And the larger magnitude of corrugations is capable of increasing the number of bound states. In addition, the distribution of ground state probability density is reconstructed by the corrugations, and the energy shift is generated.
I. INTRODUCTION
The rapid development of nanotechnology has realized the nanomaterials with complex geometries, such as bent nanotubes [1, 2] , corrugated carbon nanotubes [3] [4] [5] [6] , rolled-up nanotubes [7] , and Möbius nanostructures [8, 9] . These experimental realizations trigger the need for understanding the quantum motion of a particle confined to a deformed surface. Among them, the surface with corrugations is an important kind of twodimension(2D) systems. In this case, a curvature-induced potential [10, 11] appears in the effective Hamiltonian. A number of papers have shown that the geometric potential can generate localized surface states [1, [12] [13] [14] [15] [16] [17] [18] [19] , change the band structures [6, 13, [20] [21] [22] and prompt the energy shifts [23, 24] .
Recently, theoretical and experimental investigations have shown that the nanomaterials with complex geometries exhibit novel mechanical properties and provide new ways to construct the nanodevices with required electronic structure [13, 17, 21, 25, 26] . In order to learn clearly the geometric effects on the electronic properties, we will consider a quantum system, electrons without interactions confined to an annular corrugated surface. For the quantum confinement system, it can be taken as two one-dimensional(1D) quantum components, because that the component of annular corrugated wire can be separated from that of z-axis analytically. And the effective quantum dynamics of 1D systems with deformations have been discussed widely, such as reflectionless quantum wire [27] , deformed quantum wires [12, 26, [28] [29] [30] , and Si nanowire [31] . These known results inspire us to consider the presence of corrugations in the annular surface. We will investigate the geometric effects of corrugations, and how the electronic properties are related to the number and the magnitude of corrugations.
This paper is organized as follows. In Section II, the effective Hamiltonian describing noninteracting electrons confined to an annular corrugated surface is given directly. And how the geometric potential is affected by the corrugations is also discussed carefully. In Section III, the energy level structure and the corresponding eigenstates for the annular wire component of the confined electron are investigated in the presence of geometric potential. In Section IV, the energy shift of the ground state determined by the geometric potential and the reconstructed distribution of the ground state probability density are calculated. Finally, in Section V, conclusions are briefly given.
II. QUANTUM DYNAMICS OF A PARTICLE CONFINED TO AN ANNULAR CORRUGATED WIRE
In this section, the effective Hamiltonian for an electron confined to an annular corrugated wire will be given in terms of the thin-layer quantization scheme [10, 32, 33] . The study begins with an annular corrugated surface (see Fig.1 (a)) that is described by
where
with
wherein (R, φ) are the radius and azimuthal angle of the annular wire with corrugations sketched in Fig.1(b) , (x, y, z) describe the three coordinate variables of Cartesian coordinate system, ǫ and N denote the magnitude and the number of corrugations, respectively. According to Eq. (2), by introducing the arc length of annular corrugated wire, dξ= 1 2 Q 2 + S 2 dφ, two tangent unit basis vectors e ξ , e z and a normal unit basis vector e n can be obtained as
e z = (0, 0, 1),
And then the position vector R of a point close to the annular corrugated surface can be described by
where q 3 is the curvilinear coordinate variable along e n . In terms of the two position vectors r and R, with the definitions g ab = ∂ a r · ∂ b r (a, b = ξ, z) and G ij = ∂ i R · ∂ j R (i, j = ξ, z, n), the covariant components of surface metric tensors are g ξξ = 1, g zz = 1, g ξz = g zξ = 0,
and those metric tensors defined in the subspace as
Obviously, g and G satisfy the relationship G=f 2 g, where g and G are the determinants of g ab and G ij , and f is the rescaling factor, f =1-q 3 w. The covariant components of the Weingarten curvature tensor are given by
The mean curvature is then given by M = α ξξ /2, and the Gaussian curvature K is zero. Following the Ref. [34] , with the metric tensors (7) and (8), the effective Hamiltonian describing an electron confined to the annular corrugated surface is obtained as
whereh is the Plank constant divided by 2π, m * is the effective mass of an electron. In the lights of the Hamiltonian (11), it is easy to separate the quantum motion in z-direction from the rest part. As ansatz, the surface wave function can be expressed as
where k z is the z-component of momentum. And then the effective Hamiltonian of ξ-component can be written as
where K is the kinetic energy operator for an electron constrained to move along the annular corrugated wire,
whereas V g is the geometric potential, that is
a function of R 0 , φ, ε and N . The specific properties are described in Fig. 2 , the geometric potential wells are dramatically deepened by increasing the magnitude of corrugations, or by increasing the periodic number N , even or by decreasing the radius R 0 . As an important feature of the geometric potential, its minimum is the following form
The geometric potential versus φ for N = even and N = odd are described in Figs. 2 (c) and (d), respectively. It is straightforward to find that the extreme points are located at φ = π N * i (i = 0, 1, 2, . . . , N ). Notice that at φ = π the geometric potential takes the minimum value for N = even, the subminimum value for N = odd.
It is well known that the geometric potential is induced by the curvature, in the present system the curvature is considerably affected by the corrugations. Specifically, in what follows, we will investigate the electronic energy level structure, corresponding eigenstates and energy shifts affected by the corrugations.
III. BOUND STATES AND ENERGY LEVEL STRUCTURE OF CONFINED ELECTIONS INDUCED BY CORRUGATIONS
It is distinct that the effective Hamiltonian (11) can be analytically separated into a z-component and another describing the dynamics of electron moving along the annular corrugated wire. In the present paper, we mainly focus on the investigation of the effective dynamics of annular wire, do not further discuss that of z-axis. If the length in the z-direction is much larger than the size of the annular corrugated wire, the z-component of energy would be continuous. In the present paper, the considered annular corrugated surface has in general a certain width in the z direction, the z-component energy is then quantized. In fact, whether the z-component of energy is quantized or not, the remaining dynamics of the annular corrugated wire is considerably affected by the geometric potential induced by the corrugations. In terms of Eqs. (5), (14) and (15), the wave function ψ(ξ) can be replaced by ψ(φ) with certain R 0 , φ, ǫ and N .
As shown in Fig. 2 , it is obvious that the geometric potential is spatial reflectional invariance and periodical invariance with respect to φ. Therefore, the associated eigenfunction also owns the corresponding properties. For the sake of convenience, we take the eigenfunction in the following form
According to the wave function (17), we diagonalize the effective Hamiltonian H eff to obtain the eigenenergies and eigenstates for certain R 0 , ǫ and N . In our calculations, the results are derived by truncating k with k = 100 that is sufficient for convergence. By calculating numerically, the electronic energy levels of an annular corrugated wire are described in Fig. 3 respectively. As described in Fig. 3 (a) , the transition energies between the adjacent energy levels increase dramatically as the number of corrugations increases. Moreover, there are negative energy levels that refer to E < 0 states, which denotes that the motion of electron along the annular corrugated wire are constrained by the geometric potential induced by the corrugations. However, the number of negative energy levels does not change with the increase of the number of corrugations, as shown in TABLE I. The presences of the negative eigenenergies and that of the bound states are eventually determined by the attractive wells of the geometric potential V g . The potential wells are sharply deepened and the transition energies are dramatically enlarged by adding corrugations. It is worthwhile to notice that the number of bound states is not added by adding corrugations. Obviously, the potential wells can also be deepened by increasing the magnitude of corrugations. As shown in Fig. 3(b) , the number of negative eigenenergies and that of bound states are added by enlarging the magnitude of corrugations. As a consequence, the negative eigenenergies and bound states can be produced by designing corrugations for an annular wire. Practically, these results are helpful to control the electronic transport by designing particular geometries [5, 6, 35, 36] . Another important result in the present paper is that the relationship between the transition energy and the number of corrugations. In order to investigate the relation, we numerically calculate the electronic energy levels for an annular corrugated wire of R 0 = 4, ǫ = 1 with N = 5, 10, 15, 20 by the wavefunctions Eq. (17) presented in Fig. 3 and cos(kφ) , eigenfunction of annular wire without corrugations, as shown in Fig. 4 and TABLE II. n ′ is the modes and E ′ n is the energy levels. It is easy to find that the significant energy level transition usually happens between E ′ N and E ′ N +1 as shown in Fig. 4 , which denotes that the eigenenergies of the annular corrugated wire are located at n ′ = m * N (m = 1, 2, · · · ), as shown in TABLE II. Therefore, the transition energy between the adjacent eigenstates of the annular wire with N corrugations corresponds to N energy levels differences. That is to say, for the annular wire with N corrugations, each transition energy between the adjacent eigenstates is capable of accommodating N energy levels of the annular wire without corrugations. As a consequence, the transition energies are considerably increased by adding corrugations.
IV. GEOMETRIC EFFECTS ON ENERGY SHIFTS AND THE GROUND STATE PROBABILITY DENSITY DISTRIBUTION
For the further investigation of the geometric effects on the effective dynamics, we will calculate the geometric energy shift of the ground state and the ground state probability density distribution numerically. For simplicity, the energy shift is defined as
by the wave function of ground state |ψ 0 and the geometric potential V g . As shown in TABLE III and IV, it is obvious that the geometrically induced energy shift is very important to the effective dynamics, and even the absolute value of the energy shift is greater than that of the ground state energy. It can be confirmed that the energies of the ground states are considerably shifted by the geometric potential. Since the curvature-induced potential wells are dramatically deepened by increasing the number of corrugations N and the magnitude ǫ, as a result, the bound states can be produced by adding the number of corrugations N or enlarging the magnitude ǫ for the annular corrugated wire. As a consequence, a stronger geometric potential can result in lower bound states, which can make the resonances peaks in the electronic transmittance be shifted to lower energies practically. Describing a quantum system that requires not only an effective Hamiltonian but also the wave functions. For simplicity, we just consider the ground state probability density distribution by calculating numerically as described in Fig. 5 . It is apparent that the ground state probability density is relatively more concentrated as the number of corrugations increases as shown in Figs. 5 (a) and (b). Combining Fig. 5 with Fig. 2 , it is easy to find that the number of probability density peaks is in nice agreement with the number of the geometric potential wells. At φ = π N * 2i (i = 0, 1, 2, . . . , N ), the probability density takes its submaximum values, while the geometric potential is minimum. At φ = π N * (2i + 1) (i = 0, 1, 2, . . . , N ), while the probability density is maximum, the geometric potential takes its subminimum values. In addition, at φ = π, the probability density gradually decreases as the number of corrugations increases as shown in Figs. 5 (a) and (b). According to Fig. 5 (c) , with the increase of the magnitude of corrugations, the maximal ground state probability density gradually decreases, while the results of the submaximal probability demsity are opposite. As a conclusion, the geometric effects not only affect the equivalent mechanical quantity operator, but also reconstruct the probability density distribution of the ground state.
V. CONCLUSION AND DISCUSSION
In this paper, we have considered a quantum dynamical system describing electrons without interactions confined to an annular corrugated surface. We directly gave the effective Hamiltonian by using the thin-layer quantization approach in which the geometric potential plays an important role. The geometric potential induced by curvature consists of attractive wells with different depthes that are reconstructed by corrugations. Specifically, the attractive wells are dramatically deepened as the number of corrugations increases or the magnitude does. In particular, the number of deepest wells nicely agree with the number of corrugations, and the number of second deep wells is also the same. What's more, the geometric potential is still valid to a partially deformed annular wire with φ ranging from φ 0 to φ 1 (0 ≤ φ 0 < φ 1 ≤ 2π).
In terms of the effective dynamics, we have investigated the electronic energy level structure and the corresponding eigenstates, found that the number of bound states can be added by enlarging the magnitude of corrugations, and the transition energies can be increased by adding the number of corrugations. In particular, the transition energy between the adjacent eigenstates of the annular corrugated wire, corresponds to N energy levels difference based on the wavefunction of annular wire, and the number of the energy levels is equal to the number of corrugations. In the investigation procedure, the geometric potential plays an important role in the effective dynamics and the bound states. The energy shift of the ground state contributed by the geometric potential owns an absolute value larger than that of the ground state energy. And the ground state probability density distribution is also redistributed by the geometric potential.
As application potentials, the corrugations can be employed to improve the connectivity of nanotubes, to provide new bound states, to reconstruct the electronic energy level structure, and to redistribute the bound states density. These results provide a way to design nanotubebased electronic and photonic devices by introducing corrugations.
